For positive integers α 1 , α 2 , . . . , α r with α r 2, the multiple zeta value or r-fold Euler sum is defined as
When p = 0 and q = r, this is precisely the sum formula. Such a formula can be used to determine explicitly, some multiple zeta values of lower weights more precisely than the sum formula.
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Introduction and main theorems
Multiple zeta values are natural generalizations of the classical double Euler sums defined by [1, 2, [6] [7] [8] [9] [10] The number |α| = α 1 + α 2 + · · · + α r is called the weight of ζ(α) and d(α) = r is its depth. In what follows, we shall assume that every index is admissible, that is, its last entry is at least 2. Double Euler sums as well as general multiple zeta values were investigated in [6] [7] [8] [9] and substantial results concerning their explicit evaluations are obtained. In particular, double Euler sums of odd weight can be evaluated in terms of single zeta values [2, 3, 6, 7, 9] , while triple Euler sums of even weight can be obtained through differentiation of a particular identity [4, 16, 18] .
A sum formula among multiple zeta values asserted that [13, 16, 17] 
for all positive integers m and r with m r. For convenience, we let {1} k be k repetitions of 1. So in particular when r = m, the sum formula gives 4) which is referred to as the Drinfeld duality theorem. Indeed, for positive integers m and n, we have [5, 15, 17] 
(1.5)
Such kind of sum formula and duality theorem were generalized in [17] to a more general form which gives sum formulae as well as duality theorem.
In this paper, we consider sums of the form 6) which appears naturally in the evaluation of the left side of (1.3) through the partial fraction method [11] . Indeed, we shall have the identity (see (4.2)):
so that the evaluations of (1.6) for p = r − q and q = 1, 2, . . . , r − 1, implies the sum formula (1.3)
as given in [11, 17] .
Here is the main theorem, whose proof will be given in the end of Section 4.
Main Theorem. For a pair of positive integers m and q with m q, and a nonnegative integer p, we have
ζ(c).
(1.9)
Drinfeld integrals
There is an integral representation for multiple zeta values in terms of Drinfeld integrals due to Kontsevich [5, 17] , namely
where |α| r−1 = α 1 + α 2 + · · · + α r−1 . If for some j with α j = 1, the corresponding jth differential form is
.
In particular for positive integers m and n, we have
This weight-dimensional integral can be reduced to a double integral after integration with respect to some variables as shown in the following propositions.
Proposition 1. For a pair of positive integers m and n, we have
Proof. 
is also equal to ζ({1} m−1 , n + 1). Now fix t 1 and t m+1 , we rewrite the integral as 
where
Proof. We first prove the case when r = 2. So we consider the triple zeta value for positive integers p and q with q 2,
It is easy to see that
where D is the domain in R p+q+1 defined by
Dividing D into p + 1 subdomains according to
then an integration over each subdomain gives the triple zeta values
The general cases follow from a similar consideration by inserting the differential form dt/(1 − t) into its preceding possible 
Then we have
Proof. It suffices to consider the special case where = 1 since we shall need only work on the first p + q dummy variables k 1 , k 2 , . . . ,k p+q . We express η p,q (α) as an analogue of Drinfeld integrals: Proof. Employing the well-known partial fraction decomposition 
Also, the multiple series on the right of (2.9) can be rewritten as
Divide the range of as
Accordingly, the multiple series in (2.10) is decomposed into the sum of ζ (1, p 1 This is precisely the case for q = 2. Now we proceed to the consideration of q = 3. In order to sum up the multiple zeta values, we need the elementary identity,
valid for real numbers A 1 < A 2 < A 3 and integers m 3. So after summing up over α = (α 1 , α 2 , α 3 ) ∈ N 3 , we get, where
By Proposition 3, we have
and hence
p+2 s
Now, it remains to evaluate the first term in the right-hand side of (3.3). However, we have
simply by the formula
where p and q are positive integers. Consequently, we rewrite the series as
which will be denoted by G m−2 (p, 3) . In general, for all positive integers q and m with m 2, and a nonnegative integer p, we let
Inserting k 2 into the sequence 0 
Next insert k 3 into the long sequence of the dummy variables of p + 1 multiple zeta values in G m−2 (p, 2) to decompose each multiple zeta values in G m−2 (p, 2) into p + 2 multiple zeta values of depth p + 3 with typical terms such as
However, if k 3 is inserted just before k 2 , then the only one upper limit among p + 2 inner summations is changed. One example of such kind is given by
Fortunately, the extra term
can be used to make up the loss. One of such kind of multiple zeta values is 
So we get that G m−2 (p,
After a cancellation, we get that for m 3,
Proof of the Main Theorem: The general cases
As given in [17] , for positive integers m and r with m 2, we let
which can be rewritten as
For r − 1 tuple of integers = ( 1 , 2 , . . . , r−1 ) with j = 0 or 1, we use attached to ξ m (r) to indicate whether the notation in the sequence
With this new notation, we can easily express G m (p, q) in terms of ξ m (r, ). Recall that
By extending the upper limits of 2 , 3 , . . . , p to k 1 − 1, we have
one by one as we have done before in Section 3, we get Here we give the decomposition of G m (p, q) into a sum of multiple zeta values of depth from p + 1 to p + q.
Proposition 5. Notation as above. Then we have
Proof. We begin with the identity (4.1). The total number of ξ m (p + q, ) in the summation is given by q(q
In particular, the number of multiple zeta values of depth k, p
is just the number of positive integral solutions to the equation
The number of solutions is 
All the multiple zeta values of depth k in G m (p, q) are merged and occur equally often in the sum
The number of multiple zeta values of depth k inside the summation is
Thus, multiple zeta values of depth k in G m (p, q) can be written as
We now can finish the proof of the Main Theorem.
Proof of the Main Theorem. In order to sum up
we employ the well-known formula,
for real numbers A 1 < A 2 < · · · < A q and integers m q. Such a formula can be obtained by repeatedly using the formula
for q times. Here we set
. . .
p+q is equal to a sum of q terms. After summing up and then using Proposition 3, we get 
Final remarks and a further generalization
The sum formula, originally conjectured independently by C. Moen and Michael Schmidt (see [15, 16] ) around 1994, was proved for r = 2 by Euler, and for r = 3 by Hoffman and Moen [15] .
A. Granville [13] proved the general cases in 1997 and he mentioned that it was proved independently by Zagier in his unpublished paper. Zagier [13] had also made a remark: "Although this proof is not very long, it seems too complicated compared with the elegance of the statement. It would be nice to find a more natural proof." This is our motivation to generalize the sum formula and give an elementary proof at the same time.
With the help of Drinfeld integrals, we are able to decompose certain multiple series into sums of multiple zeta values more effectively. For example, the following arguments are due to Chuan-Sheng Wei [12] , a doctoral student of the first author. Consider the more general sum |α|=m ζ {1} 
